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BSTRACT

In this note we dwelve some more into the formal analogy of quantum
lechanics and filtering theory, and we integrate the DMZ-equation by trans-
‘orming it into a Schroedinger equation that can be integrated in the

tandard way.
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. INTRODUCTION AND PRELIMINARIES

In this note we exploit the formal analogy between quantum (and clas-
ical) mechanics and filtering problems by showing how one can solve the
MZ (Duncan-Mortenson-Zakai) —equation.
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here w is a real number and n should be thought of as "Stratonovitch deri-
‘ative'" of the observation process. See [1] or [2] for the filtering back-

round.

Equation (l1.1) can be converted, by defining y(x,t) = p(x,ti), into
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here £(t) = - n(ti), and (1.2) can be solved using the theory of canonical

ransformations [3] -[4]. ,

To do this it is easier to start from the classical system, seek the
anonical transformation there and then implement it (or realize it) as a
nitary change of representation for the quantum system described by (1.2).
'his is carried out in section 2. In section 3 we rapidly cover the many-
imensional case and in section 4 we make a few comments on how this proce-
ure is related to the work presented in [2]. Disappointingly little seems
0 come out in this direction.

The results of this paper "simplify" a bit some of the standard com-
utations and allow for a general initial density. Also, they add more to
he work of MITTER in [5].

The origin of this paper stems from a conversation with M. Hazewinkel
.0 whom I mentioned that (1.1) should be integrable by means of canonical

ransformations and he told me what the real questions behind (1.1) where.




SOLUTION OF 1.2 (and (1.1)).
Consider the mechanical system described by the Hamiltonian
2, 22
2.1) H(p,x) = $(p” +w™x") + &(t)x.

'he Hamiltonian equations describing the dynamics of it are

dx _ 8H _ dp . _ M __ % -
2.2) ac - 2P P w X g(t)

nd the corresponding quantom evolution equation is (1.2).

Observe now that
2.3) F(x,p,t) = px + pf - x% + ¢(t)
enerates the canonical transformation [3]
2.4) p="=P-f Q= =x-f¢
hanging H(p,x) into
2.5)  H(E,Q = 3@+ w?Qh)

f f and ¢ are chosen, satisfying zero initial conditions, such that

frolf =¢ 2o #2-u%) /2.

ot
n integrating f + wzf = £ one should remember that E(t) is a "Stratonovitch
ifferential". With zero initial conditions

t

f =-% J sin w(t-s) £ (s)ds.

n the (P,Q) coordinates, equations (2.2) and (1.2) become, respectively,
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n any f elementary quantum mechanics. It happens to be
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s the unction corresponding to €0 =% , a fact that we
Al is needed now is to obtain ¥(x,t) from E(Q,t).
appens [9]) that
2.8) x,t) = f<xTQ) ¥(Q,t) dQ
here t nsformation function <x|Q) can be obtained from
[B) = (21) 7% expiF(x,p,t)
y mean
2.9) Q) = f<x |pye FQ ﬂ{ = expi (¢-x£) § (Q-x—f)
(2m)
hich p back into (2.8) gives

2.10) x,t) = expi(¢-xf) $(X+f,t)




’ince the initial condition was originally given for ¥(x,0), it is easy to
see, from our choice of initial conditions for f and ¢, that ¥(x,0) = E(Q,O)
ind therefore, for arbitrary initial condition, in terms of the eigenfunction

ixpansion, (2.10) reads
Ve, 0) = Loy exp igmxf) - g £} b (x+6)

‘rom which the solution to the original equation is

-e_t~ .
2,11 p(x,t) = w(t/) = | a_ expi(o(t/i) ~x£(t/i))e " YaX*E(E/1))

n

\l1so, when ¢(x,0) = wO(Q), the expression above reduces to the exponential
2.12) p(x,t) = exp{- -2— + -(x+f(t/1)) +i(o(+t/1) -x£(t/1))

1 rather known result.

Actually, the solution of (2.7) can be written as
V(.0 = JK (Q,£30030) ¥, Q) dq
there

. . _ mw i
(Q,t,Qo,tO) = (5=—r—z7 07) exp{znsiEZkt - )[(0 +0 )cosuKt -t ) 2QQ0

2min Sin w(t-t

t result which can be found in [6]. Changing t - t/i and multiplying by e_t/2

me obtains the transition kernel for the oscillator process [7]. In any case

'(x,t) can be obtained as follows, first put P(Q,t/i) = 5(Q,t) where.
2.13) p(Q,t) = JG(Q,t;QO)OO (Qo)dx%

there G(Q,t;Q,) = K(Q,t/i;QO). From this one obtains

O)
2.14) p(x,t) = expi(¢(t/i) - x £ (t/1i)) B (x+£(t/i),t)

mnd these last two identities express the solution to (1.1) in terms of the



initial conditions in a nicer way than (2.11), but part of the comments

vere easier verifiable with it.
}. THE MANY-DIMENSIONAL CASE
Consider the filtering problem (see [1] or [21)

dx, =) dw, dy. = Xicijxjdt+ dvi
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‘or which the DMZ ~equation is
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dyy .9y ,
vhere Ei = Zk Cix dr° and again g s to be understood formaly as a

'Stratonovitch derivative'.

If we define the matrices u and Q by

ve could consider, in analogy with section 2, the mechanical system with

Jamiltonian
, + + +
(3.2) H(p,x) = § (p up +x 0x) + £ x

7there vectors are supposed to be column vectors and of course * denotes
:ranspose. |

To (3.2) one has associated the classical Hamiltonian equations
. dx _ dp _ _
\3.3) '&‘t- up it Qx + &
ind the Schroedinger equation (obtainable from (3.1) by putting
(x,8) = 0(x,t,))
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Sote first, that the canonical transformation, generated by

F = z (a+);; Pixj transforms (3.3) and (3.4) into

ij

dQ _ dP _ _ ¥ 6=
(3.5) T-? It 0qQ- ¢
and

1 25 =~ AH
(3.6) ize = —4l—"+ 4@ 2Q) ¥ + & Q¥
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vhere

P=9(@Qt), G=aga £=a't

and the associated Hamiltonian is
+ + o~ A+
(3.7) H=}{PP+Q QQ} + £ Q.

et now D be an orthogonal matrix bringing Q to diagonal form, i.e.

+~ 2 . . .
(D Q@ D) i = “i_dij . Let us now consider the canonical transformation

zenerated by F?! = Z])jiBng. With this transformation (3.7) is transform

into
(3.8) H=JH =7 $(@ 2423 + £
. BRI 0 (Q 5 Y
vhere
At — A | -
gi _ZDjiEjp Qi ‘z Dini, etc., .

vhat we have done, is to separate variables in (3.4), preserving the

lamiltonian structure, i.e. (3.4) becomes
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ow proceeding like in section 2, we see that

1 \ = - n 1 1 . -0 £
(Q5t) ) a(kl,---,kn)eXP i f eg;t gl wk-(Qi+fi) I eXP1(¢i(t) Qifi)
k ,;..,k 1 1
1 n
ith all of the simbols having the same meaning as in section 2 and
alk ,eeesk ) = | T o (@) ¥'(Q),...,Q",0) Q!
l,o'o,n 1 ki i 1,.0-, n, n.
'le have leave for the interested reader to supply in the transformation of
ariables expressing ¥(x,t) in terms of ¥'(Q't) and then making t - t/i to

btain p(x,t).
.. CONCLUDING COMMENTS

There does not seem to exist an obvious connection between this method
ind the stangard formulation. This is due to the fact that the equation
Y 3%y Xy . " . "o oqe . . ap 34p X“p
| — = - — o — — = —_——
Nt 2 5 Or 1ts associated” difusion equation -+ P 5
loes not seem to relate to a filtering problem.
This is rather unfortunate, because all the algebraic structure asso-

:iated to filtering problems, discussed in [2] for example is lost.
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